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Abstract

In this paper, we consider the generalized Navier-Stokes equations with fritional dissipation
(=A)? with g > % When S € (1,2), We prove that smooth solutions of the generalized Navier-
Stokes equations are non-unique with arbitrarily small initial data in Bo_fl_ *(T?) for any o > 0.
It is worth pointing out that the space B;‘?{O‘(Td) is subcritical for 0 < oo < f — 1. To the best of
our knowledge, this is the first non-uniqueness result of Navier-Stokes equations with initial data
at the critical regularity. To show the sharpness of the above results, for 5 > %, we establish the
local well-poseness of the generalized Navier-Stokes equations with small initial data in Bo_o’?o_oa (Td)
with a <0 and a < 5 — 1.
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1 Introduction
In this paper, we consider the following d-dimensional generalized Navier-Stokes equations on T%:

O + div(v @ v) + (=A)Pv + Vp = 0,

(1.1)
div v =0, V(t,z) € [0,1] x T¢

where d > 2, B > % and T¢ is the d-dimensional toru. Here, v and p represent the flow velocity and
the scalar pressure, respectively.
When g8 =1, system (|1.1)) takes the form of the famous incompressible Navier—Stokes equations:

Ov + div(v ® v) — Av + Vp = 0,

(1.2)
dive =0,

In the remarkable paper [25], for any dimension d > 2, Leray first showed that there exists a weak
solution in L (R*; L2(R%)) N L2(R*; H'(R?)) for any L? solenoidal initial data, which satisfies the

energy inequality
t
lo(®)]Z2 + 2/ IVo(s)l[72ds < [[0(0)[Z2, Yt = 0.
0

For smooth bounded domains with Dirichlet boundary conditions, Hopf [I7] derived an analogous
result. This class of weak solutions is now known as Leray—Hopf weak solutions. To this day, the
uniqueness problem for Leray—Hopf weak solutions of the Navier—-Stokes equations remains an open
question in dimensions greater than two.

By the mild formulation of equations, the global well-posedness for small data and local well-
posedness for large data are derived in some critical space

.1+ 2 .
H:'cLiC By © BMO™' C Byl
where d < p < 0o. These norms are all invariant under the following scaling transformations:

v(t,x) = ANt Az, p(t,z) — N2p(\%t, A\x).
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Fujita-Kato[I4] and Kato[2I] proved that this holds for initial data in the first two spaces, respectively.
A corresponding result in Besov spaces By, o ; (R4)(1 < q < o) was obtained by Cannone [7] and Plan-
chon [30]. Koch-Tataru[22] established that global well-posedness holds for small data in BMO~!. The
weak-strong uniqueness property for in critical spaces has also attracted considerable attention
in the literature. We refer the reader to the references [23, 24] [31] [32] on NS equations.

Nevertheless, ill-posedness or non-uniqueness will also arise in the critical class. For the largest

-1
00,007

critical space B Bourgain-Pavlovi¢ [3] showed that norm inflation is possible in 3D Navier-Stokes
equations. In other words, the solutions with arbitrarily small data in B;Ofoo can grow arbitrarily large
in a short time. On the other hand, Germain [I5] proved that the data-to-solution map is not C? in
the spaces BZ!, for ¢ > 2 and Yoneda [36] showed that ill-posedness holds in this class. Later in [35],
Wang showed that norm inflation from small data can occur even in the spaces B;O{q for ¢ € [1,2],
which are continuously embedded in BMO~!. Recently in [10], Coiculescu-Palasek firstly constructed
two distinct global solutions of 3D Navier-Stokes equations with identical initial data in space BMO™1.
Subsequently, Miao-Nie-Ye [28] obtain the same result for the two-dimensional case.

Driven by the development of convex integration techniques [IT}, 12} 18, [ [I6], many non-uniqueness
results have been obtained in supercritical spaces. The first such result is given by Buckmaster-Vicol [0].
By the convex integration scheme and the L2-based intermittent spatial building block, they showed
non-uniqueness of finite energy weak solutions to the 3D Navier-Stokes equations. See the surveys
[27, 4] for the fractional dissipation case. Later in [8], Cheskidov-Luo used the temporal intermittency
method and proved the non-uniqueness of on LYL® when p < 2. Moreover, Cheskidov-Luo [9]
established the non-uniqueness on the class Ly°L2 when ¢ < 2 for the 2D NS equation. For the 3D
hyperdissipative NS equation with hyperviscosity exponent beyond the Lion exponent, Li-Qu-Zeng-
Zhang [26] showed non-uniqueness in some supercritical spaces. The above three results are all sharp
with respect to the Ladyzenskaja-Prodi-Serrin criteria and posed some additional favorable properties
outside of singular times with arbitrarily Hausdorff dimension.

We also refer to another programme by Jia and Sverdk [19, 20]. They demonstrated that non-
uniqueness of Leray—Hopf weak solutions is valid, provided that a suitable spectral condition holds
for the linearized Navier-Stokes operator. Inspired by [33] B4], Albritton-Brué-Colombo [I] proved
non-uniqueness in the Leray-Hopf weak solutions for the forced 3D Navier-Stokes equations. See also

the related work [2] for the hypodissipative Navier-Stokes equations in two dimensions.

1.1. Main result

In [I0], the authors demonstrated that uniqueness of the 3D Navier-Stokes equation may break down
if the initial data is large in BMO~!. Inspired by their work, we establish non-uniqueness for the

generalized Navier-Stokes equation with arbitrarily small initial data. More precisely, we have

Theorem 1.1. Letd > 2, 1 < g <2 and a > 0. Foranye >0 and 0 < p < 52_%, there ezist
divergence-free initial data VO € B;ﬁfa(ﬁl’d) such that ||V0||B—[~i—a(r]rd) < ¢ and the generalized Navier-
’ oo,1

Stokes equation admits two distinct solutions

v @ eC2((0,1] x T) N ([0, 1]; BT (T%)
N LP([0,1]; L>=(T%)).
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Theorem 1.2. Let § > % and o < 8 —1 with o < 0, there exists eg > 0 such that for all vy €
Bgfogo‘('ﬂ‘d) with V- vy =0 and
HU()”B;’?;“(TCI) < €8s
for (L), there ezists a solution v € L>((0,1], Bgo‘?;a('lfd)) such that
B+a
sup t 25 |[v(t)| oo (rn) < 00.
te(0,1]

Since the solutions in the lower dimensions satisfy the higher-dimensional generalized Navier-Stokes
equations when zero components are added to the remaining dimensions. Moreover, the embedding
B oo =& ngl holds for all @ > b. Consequently, proving Theorem reduces to establishing the

following propositions.

Proposition 1.3. Let d =2, 1< <2 and 0 < a < -1 witha < % For any €,¢’ > 0 and

0<p< 52%, there exist divergence-free initial data VO € BZPZ*(T?) such that HV0||B;§;Q(T2) <e

and the generalized Navier-Stokes equation admit two distinct solutions

v 0@ €C2 ((0,1] x T2) N CO([0, 1]; B 2~ (T?))
N L([0,1); L®(T?)).

1.2. Main idea of the construction

The non-uniqueness mechanism of the generalized Navier-Stokes equations follows from the approach
of [29] and [10]. In this part, we outline the main idea of the proof, omitting certain details for the
sake of exposition. In our construction, there exist two types of flows:

e The first is the heat-dominated flow, which is the solution of heat equaiton with fritional dissipation,

up to a small error.

Oyug + (—A)ﬁvk =l.o.t.

where [.0.t means some lower order terms. And the heat-dominated flows satisfy the following expo-

nential decay in time:
+a —NZt
vkl Loo (12) S N;f “em Nkt

e The second is the inverse cascade-dominated flow, whose temporal partial derivative annihilates the
nonlinear self-interactions of the heat-dominated flow.

OUy, + ]P’div(ka X Uk+1) =l.o.t.
Compared to the heat-dominated flows, the inverse cascade-dominated flows have slower exponential

decay in time:

2
1| Lo 2y S NPT Nemat,

The principal part of the solutions to the generalized Navier-Stokes equations is derived and given
as follows:

ot & Z vk + Z U,

k>0even k>0odd
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and

P E N et Y B
k>0 odd k>0even
In the following discussion, i denotes either 1 or 2. As a result of the cancellation between the
heat-dominated flows and the inverse cascade-dominated flows, we can deduce remaining terms F'(*)
which are defined by

v + (=A@ 4 Pdiv(v® @ v?) = —Pdiv F®),

are arbitrarily small in some subcritial norms. In other words, we conclude that v(*) and v(®) are
solutions to the generalized Navier-Stokes equations with a small error in divergence form.

In the final step, we add the perturbation w® to v® to correct the associated errors, so that
v 4w is indeed a solution to the generalized Navier-Stokes equations . Then w® must satisfy

the generalized Navier-Stokes equations
w® + (=AW £ Pdiv (0 @ w® +w® @@ + @ @ W) =Pdiv FO,

Given that F() is small in certain subcritical spaces, we are able to establish the existence of w(® and
confirm its smallness in appropriate subcritical norms by means of a fixed point argument.

Using the fact that o4 (0,-) = vy (0, ), bx(0,-) = bk(0,-) and w®(0,-) = 0, we know that v 4w
and v + w® have the same initial data in Bgf(;a(']lg). However, owing to the distinct temporal

decay behaviors of vy and vy, we can infer that oW 4 w® and v@ 4+ W@ are distinct (see details in

Section .

1.3. Notation and parameters

Suppose ¢ : R? — [0,1] and x : RY — [0, 1] are two smooth radial functions satisfying

17v € §>2 17V € 0) 3
<p(m) _ ‘CU| [7 7} - and X(-%') _ |33| [ i] 7
O,V‘Z‘| € [0,00) \ [Z’ 5} O,V|a¢| € [Oa §)
and
x(z) + Z ©(279z) =1, VzeR%

JjEN

Z 0(277z) =1, VzeR?\ {0}

JEZ

Let D(T?) denote the space of infinitely smooth functions on T¢ and D'(T¢) be defined as its
topological dual. Every distribution f € D’(T?) admits the formal Fourier series

f — Z f(l)e2wil~x7

lezd

where

fO =+ fa)e2mildn.
Td
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The nonhomogeneous dyadic blocks {A;};>_1 are defined by
A f 23 x() (D).
lezd
and for any j > 0,

A f Z 2 jl 27ril~w.

leza

The homogeneous dyadic blocks {Aj }jez are defined for all j € Z by

A f Z 2 jl 27ril~w.

lezd

Definition 1.4. Let s € R and 1 < p,q < co. The nonhomogeneous Besov space B;,q('ll‘d) consists of
all T¢-periodic functions u € D'(T?) such that

lullgs vy 2 | S0 (@ 18jullioera)? | <00, i g<oc,
i>—1
||U\\B;m(1rd) £ sup 2jsHAju||LP('ﬂ‘d) < o0, if g=o00

And the homogeneous Besov space B;Vq('ﬂ‘d) consists of all T¢-periodic functions u € D'(T?) such that

q

. q .
||“||B;yq(1rd) < E 2 llAjullLo(ray) < 00, if g <oo,
JEL

sup 27° |AjullLe(ray < o0, if g=o0

o (T) ez

In this section, we collect the notation used throughout the paper and introduce the parameters
appearing in our construction.
We denote P as the Helmholtz-Weyl projection onto divergence free vector fields

P=A{Pr}jr=1,..a=1{0jr+RijRi}jr=1,. .d

with &, 5 is the Kronecker symbol and R; = 8;(—A)~2 are the Riesz transforms.

Let S?*2(R) be the space of real symmetric 2 x 2 matrices. For any real numbers a and b, we write
aAband aVbto denote min{a, b} and max{a, b}, respectively.

We use the notation X <Y to mean that X < CY with some constants C' > 0 independent of A,
but which may depend on other parameters.

To measure the amplitude and frequency of the building blocks, we introduce the parameters

N, 2 A" forkeN,

where A and b belong to N. Finally, A > 1 depending on other parameters will be chosen sufficiently

large in the end.
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1.4. Organization of the paper

The organization of the rest of the paper is as follows. In Section [2] we design the initial data and the
leading parts of the solutions and verify that the remaining terms are small in some subcritical norms.
In Section [3] we estimate the perturbations. In Section [d] we complete the proof of Proposition [I.3
and Theorem [I.2] to show the non-uniqueness and the local well-poseness. Appendix contains some

technical tools used in the paper.

2 The leading part of the solutions

Throughout the rest of this paper, we focus on proving Proposition [[:3] Thus, we fix d =2,1 < § < 2,
z—:>0and0<a§6—1witha<¥.

2.1. Construction of the initial data

Definition 2.1. We define

o A differential operator S that takes vector fields to the symmetric rank-2 tensor,

a 201 f* Onf?+ 0z f* 00 (2. T2
S(f)_<61f2+82f1 282f2 )7 VfEC (T,R )7

Moreover, if f is divergence-free, we have

divS(f) = Af. (2.1)

11
o A standard mollifier ¢y with length scale Ny > N, *, supported in B(0,1) with sz ¢ = 1.

We construct the vector potentials by induction. Recall that the vector set {{}¢zea, the correspond-
ing orthonormal vetors {€}¢ca and the functions {ag}een are introduced in Lemma

Definition 2.2. Let £ be a vector in A. For the zeroth, we define
BY(x) £ Ny 2% sin(2n Ny - )€, (2.2)

Given a divergence-free ®)_,, we define the vector potential for the k-th case:

Y (x) & N,;3+’8Jro‘5\/§(27r)B_?’Z'VL Zaf’ke%mk&'w * (), (2.3)
EeA
where
S(®Y )
A k-1
= ——— +1d . 2.4
ag k; = ag ( NZagz T ) (2.4)
0
To verify that {®?},cn are well-defined, it suffices to establish that || Slgiﬁgé)ﬂpo(qrz) < 1 by Lemma
k
AT
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Lemma 2.3. There exists a universal constant C > 0 such that for all k € N,

S(®}) 1

oo < = 2.5
HNgilEQHL (™) < =, (2.5)

if A and b are sufficiently large.
Proof. We prove ([2.5) by induction. For k& = 0, from ([2.2)), it follows
|S(@3) o r2) < 2meNg T

Thus, choosing A and b sufficiently large, we get

S(®5) 1 A7B+a—1 nr—2a ~1 gft+a-1-2ba _ L
H N2a B ||Loo(’]1‘2) < 2me™ NO Nl < 2me™ A < ? (26)
Once again from (2.2)), it yields that
m S(®3)

1A% NEQZQ | Lo (r2) S N, Vm € N. (2.7)

Now, we suppose || SNMEQ || Lo (r2) < &. Using the standard mollifier estimate or (2.7)), we have

S(@0_)) .

v NTQ;HLW) (Np_1Np)%, VYmeN. (2.8)

By virtue of (2.3)), (2.8) and the Leibnitz rule, we deduce
IS (@)l e r2) $ N FFH(NE + Nima Vi) € N4,

which immediately implies

S(®9)

148+« 2(1 bk (B+a—1—-2ba)
|| N2a 2 N < A é

1
|Los(r2y S Ny, 7

if A and b are sufficiently large. O
Now, we define the initial data in terms of the vector potentials introduced above.
Definition 2.4. Define
) 2 ADY.

and set the initial data by
VoA Z v
keN

In the following, we establish the smallnes of the initial data V' in B;O/?O_OO‘ (T?).

Proposition 2.5. With V° and {vg}keN as in Deﬁm’tion there exists a universal constant C > 0,
independent of €, such that VO and {vQ}ren are divergence-free and for any k,m € N satisfy

IV B || poe(r2) S NP T2, (2.9)
V"R Lo 2y S Nﬁ+a+m (2.10)

and

VOl ppe e < O
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Proof. The divergence-free property of V° and {vg}keN is easily derived from Definition With

Definition Definition and (2.8]), one can use the Leibnitz rule to obtain (2.9), (2.10]) and

V™ ag kll oo (r2) S Ny (2.11)
Before establishing the smallness of V' in B;O/?O_OO‘ (T?), for any k > 1, we decompose vy = vg’p —i—vz’e
where
vp? = = NJFev2(2m)7 Y " ag pe? N L, (2.12)
EeA
Uz,e _ Ug,e,l + U}(C),ez7

having defined

vg’e’l = Nk_?"%BJFO‘E\/i(27T)ﬁ_3iAVL Zag,ke%“v’“g'x + N5+a€\@(27r)6 Zag’ke%mk&f, (2.13)
£EA £eEA

vp©? = NPHe/(2m) P 3iAVE [ ae pe?™ N | s (¢ — 4). (2.14)
EEA
Next, we prove || 3, | Bf=(T2) < e. Without loss of generality, fix £ € A. Tt suffices to show

1 e N£+aag7k62”iNk5'””||B;ofj;,“ (r2) S 1. Taking a fourier series of {ag}r>1, we have

CL&k(JJ) — Z d57k(l)62ﬁil‘m7

lezd

(lg,k(l‘)(f%riN’“E'm = Z d&k(l — ng)e%n‘l-z. (2.15)
lezd

By (2.11) and Parseval’s identity, we obtain

W=

IV™ag kll2er2y = | D0 1P lae s | S IV akllie(r) SN, VmeN,
lezd
which immediately implies
™ aes(D] S NF™y,  Y(,m) € Z¢ x N. (2.16)

00,00

Recalling the definition of BZ2Z%(T?) in Definition and fixing 7 > —1, we decompose the
following into three parts:

B+a 2wiNRE B+a 2wiNRE-
A NI g 2N = A N + ) )N, “ag e? NS
keN k|29 —=Ng|>3 N k]2 =Ny |<2 Ng

éfl + I.

Consider I;. If j > 0, by (2.15) and (2.16),

277 1| poo (12 S > 27 BT NI A (ag ke N E) || oo o)
k:29 — Ni | > 3 Ny
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< Y anIBraNgte N a1 - Nif)|

k:|29 — N |>§ Ny 3.2i<|l|<8 20
B+a+4
< Y graypre ¥ Nes
~ 197 3 3 .95 8 '|Z_Nk€|ﬁ+a+4
k:|29 = Njg | > 3 Ny, 3.9i<|l|< 829
s N£+1C¥+4
< o k1
~ ZN]C Z ‘l|3NB+a+1
k>1 1€22\{0} k
N5+Oé+4 1
< et S _—
SH BRI R S
k>1 1€22\{0}
<1, (2.17)

where we use the fact that [l — Ny&| 2 max{|l|, Ny} holds provided |2/ — Ni| > 2N, and 3 - 27 <
) Bta+d
1] < % -27. We also have Zk21 % < 1 if the parameter b is chosen sufficiently large. Similarly, if

j = —1, we have

25+a||I1HL°°(’I[‘2) < Z 26+aNkB+a Z |(Al§7k(l _ Nkf)|

ki3 —Np|>2 Ny 1<%
5 N£+o¢+1
< +a —1
~ ZNk Z |l — Nj&|pratl
= <3
Bta+1
Sy
E>1
<1, (2.18)

where we use the estimate |l — Ni&| 2 N that is satisfied with |% — Ng| > %Nk and || < %.

We now turn to the estimate of I5. Since the bound ||ag,z€? N ¢ || Lo (p2) < 1, we deduce

27J(A+e) 112]| oo (12) < Z 27j(ﬁ+a)N;f+a||Aj(a£,k62mN’“§4)||L°o(1r2)
E:|29 — N | <3 Ny,
S0 ke o

k:]27 —Ni | <3 Ny
, 3

With a large enough choice of A and b, it holds

#{K <1:|27 — N,| < ZN,C} < log 4 1:; +1<2,
which gives the bound
29I L || oo 2y S 1. (2.19)
Combining (2.17),([2.18)) and (2.19) together, we get
1D 02l popce ) S (2.20)

k>1

10
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By a similar argument, we obtain

”Ug”B;/f;a(Tz) Se (2.21)

O,e,1
1D v gy S e (2.22)
E>1

Since vk ! denotes the part where derivatives are not all applied to e?™*N+&% the sum Zk>1 112 el

indeed enjoys smallness in stronger spaces such as B}/ ﬂ at1=A for some 0 < A < 1.
We finish by estimating Zk>1 vk’ 2 Recall that the length scale of the mollifier ¢y, is (NkHNk)%.
Applying the standard mollifier estimate and (2.11] -, we have

|| ZUO ,€, 2||B B 12 < ZEN—EH‘,@-FOZ”AvL Zaf keQTerkf " (¢k _ (5>||Loc(']r2)
k>1 k>1 £en

_ TiNLE- _1
< ZENk 3+ﬂ+a||v4 Za&keQ iNR§ ||L°°(T2)(Nk+1Nk) 3

k>1 EeEA
2+ﬂ+oz
Sy etk —
E>1 Nkﬂ
<e, (2.23)
N%+B+a
where ), o, == < 1 if the parameters A and b are chosen sufficiently large.
- 2
k 1
Combining ([2.20) - 2.23)) together, we conclude
0,
VOl ponecrey S 1D 0Pl pasze oy + 108 pope ey
k>1
0,e,1
JFHZ © HB ﬁ CX(11'2)+||Z ”35 % (T2)
k>1 k>1
< Ce.
O

2.2. Construction of the principal parts

Definition 2.6. For any k € N, we define
g, 2 Qe @mN*

— évge—z-(znmﬂ)?f’t.

Then we define the principal parts of two solutions of

AN g Y, (2.24)

k>0even k>0odd
V@ E N gt Y o (2.25)
k>0 odd k>0even

11
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Proposition 2.7. Let 0 <p < ;fa The two vector fields vV and v?) are divergence-free, belong to

LP([0,1]; L>°(T?)) and obey the following bounds

IV ™00 () ooy S ¢ 27 e OmNa", (2.26)

for allm >0, t >0 and Cy, is a constant depending only on m. Moreover, we have

o] + 0] +(blog A)Mlog(2). (2.21)
1

LY ([t1,t2],t 25 dt; L>°(T2)) L2/a T ([t1,t2]; Loo(’]I‘Q))

Proof. The divergence-free property of v(¥ is inherited from v,

Using ([2.10)), we have
m_ (7 m —N28
IV 0D ()| Lo (r2) S ZNﬁJraJr Nit, (2.28)
kEN

We analyze the series function on the right-hand side. As Nj grows rapidly, the series is dominated

by its largest term. For ¢t < N 28 , the dominant contribution occurs near Ny = t_ﬁ, so the series is
B+a+m _ . . .
bounded by O(t™ 2¢ ). For t > N, 28 , the summands decrease monotonically, yielding the upper

bound N§+a+me_N2Bt Om(t~ HHE o= COm N(?Bt). Therefore, it yields (2.26)).

Applying (2.28)) and using 0 < p < 5 f , one infers

i a B+a—20
||U( )HLP([O,l];Lw(T?)) S ZNEJF le= ™ 75||sz( 01] S ZN S L
kEN keN

To estimate v*) and v(?) in Ll([tl,tg],t_ﬁdt;L‘X’(Tz)), it suffices to bound ), _ [[v&(t) | o< (12)
in Ll([tl,tg],tiﬁdﬂ, as |0k (t)[| Lo (r2) < ||vk(t)||Loo(r2). For 0 < @ < B — 1, a better estimate holds.
By viture of (2.10), we have

< B+anr—28, 2L€ —N Btl < zﬁ <
1> well (st Lo (1) > NSNS P t 1, (2.29)
keN kEN
where we use 0 < a« < f— 1 and t; < 1. For a« = g — 1, we split the intergrand into two parts:

||Z k”Ll([t ot 25dt ;Lo (T2)) < Z/ ||’Uk )||L°°(T2)1t<N 26 + ||’Uk( )|‘L°°(']I‘2)1t>N ZB)t Qﬁdt
keN keN

2ﬁ
M2 N2-1
Y ¢~ dt

kN <ty '/?°

t2 28 1 1 28
+ D / N2t e Nt gy
N Vit
kN>t /28 !

2T 4+ T, (2.30)
For T1, direct computation yields

< Z Nzﬁ_l(Nk_gﬂ/\b)%

kN <ty '/?°

D DI s S S

kN <ty */?# kity /2P <Ny <tT1/2P

12
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<1+ #{keN: N, € [t; V2 ¢7/%))

<1+ (blog A)~! log(%), (2.31)
1

where we employ the estimate

—1/28

_ _ t
#{k e N: Ny € [t/ 47%P)} <14 log L S 1+ (blog A)! 1og(t£).
1

ty
For Ts, with a similar argument, we have

L3 Z Nk_l(N;;w \/tl)_ﬁe*N;fB(N,:wvn)

kN >ty /2P

< > 1+ > Nl

kity VPP <Ny <t V/?P kN >ty /%P

t
<1+ (blogA)’llog(tj). (2.32)
1
Combining (2.29)-(2.32)) together, we arrive at (2.27)) while the estimates in L7 ([t1,t2]; L*°(T?))
are directly derived from the bound on Ll([tl,tg],tfﬁdt;Loo(']P)) and (2.26) under the condition
O<a<f—1. O
2.3. Estimates on the residual
For i € {1,2}, we define the residual F() € C°((0,1] x T?;52*2) in divergence form, satisfying
Pdiv F® = 9,0 + (=A)Pv® + Pdiv(v® @ v®). (2.33)

Let v < HT_Q and 0 < k < 3. We consider the Banach space Y* equipped with a subcritical
norm

38+a—2+44 o ‘
B

3bta—2+y 3Bta—1+ty
[F[ly= £ S}lp}t T [F@)leeqrzy +t 7 (IVE®)lox(r2).-
te(0,1

Proposition 2.8. For any n > 0, there exists F(), F) € C>((0,1] x T?; $?*2) satisfying
||F(i)||Y“ < n,
if A and b are sufficiently large.

Proof. We proceed to verify that there exist F(!) that satisfies the desired properties. The argument

for F(® is analogous and will be omitted. Recalling (2.12), [@.13) and (2.14)), for any k > 1, we
decompose v = v} + v§ where

0,p_— 28
ol 2 0% (2mNw)*ot (2.34)
1 2 _ 28
v§ A (,U%& ,02767 )e (27 Ne)*Pt

Using (2.11)), the standard mollifier estimate and the Leibnitz rule, we have

IV 08 oy S N FOT e, (2:35)

Lo (T2)

13



2 THE LEADING PART OF THE SOLUTIONS

1

m, e Nk—l N2 o m 28
IV 0 ey S (7 + YN Fetmem Nt (2.36)
£ Nk,
IV Tkl oy S VLT M (2.37)

for all £ > 1 and m € N. We denote

k>0,even
TE DY me+ Y
k>1odd k>2even

Due to (2.35)), we know that v? admits the same estimate as v(1),

B+a+m
V707 (1) | o oy S 8755 (2.38)
[£:36) and ([37) imply
N, % a+m 284 a+m _—N2#
va ||L°° (12) NZ k—1 )N/3+ + —N +N]é3+ + e Nt
k>1 Nk2+1
< Z( N1 +N1/2 b/2+N(/3+a+m)(W1)) N5+a+m —NZ¢
keEN
< Z N;/qu]eraere_N,fﬁt
keN
Therefore, we deduce
Bta—1+~/2 B+a+'y/2+fi 1/b—2
sup £ [5(t)]| oo ) + IVT(0) ey S sup N* 73 S, (2.39)
te(0,1] k>1

where we first take b sufficiently large such that 1/b — 7 < 0 and then choose A large enough.
Recall the differential operator S in Definition 2.1} For any k € N, we define the tensor fields

i (@) G
Ry, £ 5(®f)e > GrNen) ™t

Thus, by (2.1) and Definition it holds
PdivR; = v, and Pdiv Ry = ¥p.
Let us define the residual term F() as follows,

1 1 1 1
FO2pM 4 FY 4 B 4 Y,

where
FV =~ 3" (0 + (-A)P)Ry,
k>0even
AV == 3 (AR,
k>1o0dd

14



2 THE LEADING PART OF THE SOLUTIONS

Fg(l) _ Z R div(0; Ry, + ”£+1 ® vgﬂ) — RVpri1,
E>1o0dd
F4(1) = oM go® 4 Z vy ® v,
k>0even

Here {Vpr}r>1 denote some pressure terms, which will be defined later. As PdivRVpy = PVp, =0,
the term Fg(l) is well-defined and we can easily verify .

Estimate of Fl(l). By and the fact that {eQﬂN”e—(%N’“)wt}kzl and vg are solutions to the
heat equation (9; + (—A)?) u = 0, we derive

F(ta)=— 30 3 NSHeVR(2m) 7008 (VH(-A)° agu (@) NET) « e BTN

k>1even EEA

Since S is a differential operator of degree 1. Thanks to (2.11), (B.2) and the standard mollifier

estimates, one infers

1 - iNgE- - *
IV ED (1) e crey $ D030 NS (- A) ag i)eRTNE | oy ” BRI
k>1¢€A
,S ZNIC—3+/3+OLN’3+WL (N}zﬂ_lN;cL—l 4 lef—li%) efoﬁt
E>1
S SN N

keN

Therefore, using £ < 3 and choosing A, b sufficiently large, we obtain

44
1E lye € sgpN,f "<, (2.40)

~

Estimate of Fz(l). We estimate directly

oa— m— 28
V"B @llimeeny § 30 NPT
k>1odd

2N

keN

38+a—1
3Bt+a—1+4+m a +m N,fﬁt

Hence, we easily deduce
17 ye S, (2.41)
if A and b are large enough.

Estimate of F( ) Recalling (2.12)) and ( -, we have

diV(’Uz ® fvz) = div Z a§1$ka£2’k62ﬂ'iN}c(€l+€2)'$gl ® 52 2. (27T)26N]§ﬂ+2a826—2‘(27r1\fk)23t. (242)
§1,62€A

Applying Lemma [A-4] and the product rule, we have

div | D ag pag ™M ORI @ 6 (2.43)
§1,82€A

15



2 THE LEADING PART OF THE SOLUTIONS

= Z div(ag’kf_(@ 5) + Z div(aﬁl,ka§2,k£1 ® 52)6271'75Nk(§1+52)a:
EGA E1#E2EN

*V(l P =1 ag e NP Z V(ag, kag, 1) (& - & — 1) N EmR)T 1 (2.44)
EEA 5175526/\

Moreover, using (2.4) and Lemma we have

S(@9_,)

N2a 2 +Id) k :

Z diV(aékf_@ 5_) = le( N2a 2"

£eEA

Therefore, we have

div | 8, Ry + Z ag,k+1g® €. 2(2ﬂ.)25N]§5_T2a€26*2'(2ﬂ'1\[k+1)Qﬁt —0. (2.45)
£eA

Combining ([2.42)-(2.45)) together, we simplify Fél) as follows

BV =~ 3 Rdiv(@i Ry, + v}, ®v},) — RVpri
k>1odd

dYoOR DY div(ag pag, k& ® &)t NG )T
k>1odd §1#—E2€A

1 ¢ ¢ ] —&2)x
+ >R Y §V(a§1,ka£2,k)(§1-52—1)627”1\“(& 52))

k>lodd &1#&€EA
2. (2P NEFH 22 AN

where p = S(|0)7|2 = | Yeep aeke
Suppose {by }x>1 are smooth functions with |[|[V™by| e < N/, for any m € N and Let ¢ € Z4\{0}.

Without loss of generality, it suffices to show that

2miNgE-x |2)

H Z R(kae27riNkEAI)N]?ﬁ-‘rQae*(%rNk)%t”Ya S, n.
k>1

Using (A.2)) by choosing m large enough, we have, for any k& > 1,
HR(kae%riNkfw)”C“(T)z S N];1+/1Nk71 + N];erHN;n_JEl +N};mN]ZrL_+1H+1 5 Nl;lJruNk—l-
Thus, setting i = 3, choosing A, b sufficiently large, and using a < 3 — 1, we arrive at

H Z R(kae2mN;c§~x)N}3/3+2ae—(QTrNk)wt ||CH(T)2 5 Z N]3[3+2(x—1+uNk_1e_(Nk)25t
k21 k>1
< supN —B+a+l- —+%t Bitoodiy
< nt,M. (2.46)
On the other hand, applying the fact that VR is bounded from C*(T?) to C*(T?), one infers

IS VR(Voy 2 iNebm) N2 20 =GNt oy < 37 Ny 2B ()
k>1 k>1

)
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2 THE LEADING PART OF THE SOLUTIONS

2B8+2a+K+3 (N )20t
,SE N, e~ (Nk)
E>1

—BHatltr—y+g,—
§sukaB TTh
k

3Bta—1ty
2

SnttE

38+a—1+y
2B

(2.47)

where we use x < 3 and choose A, b sufficiently large again. Combing (2.46) and (2.47) together, we

get the desired result and thus we have
1E5 Ny~ < .
Estimate of szl). We decompose F4(1) as

FV = Z vZ@vf—v(l)QQﬂ—ﬂ@vp.
k#3>0even

Applying (2.35]), for any m € N, we obtain

IV Yo @ v sy S DIV © o)) = crey

k#j k#j
S YN+ Ny NN NN
kg
< Z N}f+a+me_N§ﬁt ZN]/?—&-Q
E>1 j<k
< Zngﬁ-Fa)(%-‘rl)-‘rme—Nﬁﬁt.
k>1

Therefore, it follows

+a)(3+1)+1+r—(3B+a—1+
D" 0F @l lye S sup N7 TR AT
k] =
< sup N}fdﬁﬂﬁm)%%w
k>1

S,

(2.48)

(2.49)

where we have used the fact that § > 1 and x < 7, and chosen A and b large enough. By viture of

(2.10), (2.38)) and (2.39)), we deduce

S 1/2-ntB-1-a
[0 @ T+ 7@ vP||ya < sup ¢ = n <,
te(0,1]
where we have used the fact that « < — 1 and x < 7. Thus, (2.49) and (2.50) yield

1
1D ye S

(2.50)

(2.51)

Combining (2.40), (2.41)), (2.48)) and (2.51)), and taking a new 1 small enough to absorb all constants,

we conclude that

IED [ya <.

17



3 CONSTRUCTION OF THE PERTURBATION

3 Construction of the perturbation

v and v@® we constructed in the above section are almost solutions of (1.1). To show this, we prove
that the residual terms are small in a subcritical norm. Consequently, for i € {1,2}, we can add a

perturbation w® to v(? to obtain an exact solution.

3.1. Semigroup of the linearization around the principal part

Let 7 = %7 Note that 7 > 0 as v < % we rewrite the norm of Y@

1 _
lallye = sup (" llallz~ + 72577 Valcx).

s

For i€ {1,2}, f € Y®, and 0 < t' <t < 1, we define the semigroup P (t,#')f as the solution of

(0 + (=A)PYPO(t,¢) f + Pdiv (PO (¢, ) f @ v (t) + 0D (t) @ PO(t,¢) f) = 0,
PO ) f =Pdiv f(t).

Because v(¥) is smooth with uniform estimates on [t/,1] x T2, we then have P (t,t') is well-defined

and smooth. The following proposition shows that P(i)(t7 t') behaves comparably to e’ =D (=2)"pdiy
tL/ 2B 1
loss arises because v(Y) does not belong to Lz5-1 ([0, 1]; L>) or L'([0,1],t™ 27 dt; L*®).

up to a small loss of the form ( )6, where € > 0 can be chosen arbitrarily small. We note that this

Proposition 3.1. Foralli€ 1,2, feY* and 0 <t' <t <1, we have
IPO (,8) fll oo poy + (¢ = )25 35 [ VPO ) fllonrsy S ()72 fllye.

Proof. Through this proof, we suppress the dependence on i of v and P (t,t') with i € {1,2}. For
a fixed ¢’ € (0, 1), applying the Duhamel formula, we rewrite P(t,¢')f and split it into three parts:

t

P(t,t)f = DA Py (1) — / e(s=(=2)pgiy (P“)(t, tf @D t) + 0D (t) @ PO(t, 1) f)ds

t

=1+ 1T+ 111

where I is the linear heat operator terms, I7 is the integral parts over over [¢/,¢'V (%)], and I11 is the
integral parts over [t V (§),1].

We first focus on I. By applying Lemma to either e(=t)AP or ¢(=t)APdiv, we choose the
more favorable upper bound and have

]|z S IVFE ) e A=) 2 | £(E)]|
<) TTEEA(E - ) TE ()T fllye

S )TV (1)) || flye
S () THTE | flye. (3.1)

Next, we consider 1. Together with the fact that the integral vanishes identically unless ¢ > 2t/

we obtain

'V (%)
1= S [ = 97 F (o) 1 P(s, ) s
t/

18



3 CONSTRUCTION OF THE PERTURBATION

t'Vv(L)
<t / (t = )72 [[v(s) ][ | P(s, ) | 0w 577 dis. (3:2)
t

For II1I, by Lemma and the fact that (ﬁ)% < V2 on the interval s € [t/ V (§),1], it is easy to
see that

t
i S [0 8 o)l P )l
2

t
<t ()(t_sy%||v(s)|\LooHp(s,t/)fnmsﬁds. (3.3)
V(%

Letting h(t) := t7 I1P(s,t")f|l=~ and summing the estimates from (3.1 to (3.3, we get that
¢
MO S @Iy + [ 57 4 (=87 (o) bl
t/

Now together with (2.26), (2.27) and Lemma with p = 3, g1(s) = s_%Hv(s)HLoo and ga2(s) =

llv(s)||e, we then have

h(t) £ (@) fllye exp(O(|lv]l + 11575 0ll e, ey [0l 22 :2%))

LY([t/,t],t 2BdtL°°
14 _ t
S )N llye exp(O(1 + (log A)~log(7)))-

Choosing A sufficiently large depending on €, the power becomes smaller than § and we conclude that

|P(t, ') f]| £ 5t-ﬁ<t’>*1+f< )%

fllye. (34)

Now consider C*'¥ norm. I is unchanged while 1T split the integral into [t (H;,)], and II1 split

the integral into [(t;t’) ,t]. About VI, we similarly have
Bl 2t
IVIllex S (=) 2 [V )llex) A& =) 27 | F{E)]z>)
S((E—t)HE)TTI Y A(E— )T () flye
S (=) F (W) | fllye (3.5)

For VII, combining with Lemma [C.1] (2:26) and (3.4), we get

(t+t’)
2 _ 24k
IVII|cx 5/ (t—s)" 27 v(s)llee | P(s, ') fll Lo ds
t/
(t+t")

)T / D (=) H s flyads
t/

2+ Biodly

S (- t) T ()

T2 fllye. (3.6)

By (3.4)) once again and the fact that C''** N L> is a multiplication algebra, it holds that
IVIIT|| o~

< [, =7 (IVes) e |P(s. )= + ()1 [VP(s. ) fllcw ) ds

t4t!
2
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3 CONSTRUCTION OF THE PERTURBATION

t
_ 1 _Btatr+2 | e 47— £
S [, =B (I EE ) T ek (o) o~ VP on)ds (37)

t+t’

2

3-8
a+r+3 [+§

where the first term in the integrand would be O((#')~'*7=3¢t=~ 25

h(t) := (t — /)¢ 25 |[VP(t,t')| o~ and summing (3-5)—(B.7), we then have

flly«). Hence, defining

flye s [, (6= 9 B ]o(s)|u=h(s)ds.

t4+t/
2

Cqar b
h(e) S (1) ()
Finally, we conclude once again by Lemma (2.26)) and (2.27) to gain the desired result. O

3.2. Fized point argument

We now define the subcritical sapce for the perturbation {w(i)}ie{u}:
X% ={w e (C°((0,1; CV™(T* R?)},

with norm

lwllxe = sup (¢27F ||| + 1272575 | Vuwl|ox) < co.
te(0,1]

Since by Proposition we have showed that the subcritical residual terms {F(i)}ie{lg} can be
arbitrary small. Therefore together with the fixed point theorem and this fact with the zero initial

data, we can construct the perturbation {w(i)}ie{l,g}.

Proposition 3.2. Let A be sufficiently large. There exists C' > 0 such that for all m € (0,C'~1) and
i € {1,2}, there exist W) € Bx(0,1m1) such that

50 = o) 4 )
is solution of . Furthermore, w® — 0 in C14P) a5 t — 0 with p < BT — «.

Proof. Without loss of generality, we write v, w and F to represent v(*) w® and F®) with i € {1,2}.
A necessary condition for & = v + w to solve the (1.1)) with initial data v(0) is that the perturbation

w must satisfy

(0 + (=A)P)w + Pdiv (v @ w + w ®v) = Pdiv (F — w @ w),
w(0,:) =0.

with F is defined as in Proposition Recall that P(t,t') is the linearized semigroup around wv,
defined in Subsection We thus solve for w as a fixed point of the Y — X® map w + T (w),
where the map defined by:

wi THW) () = /t P(t,t")(F —w®uw)(t)dt'.
0

Firstly, we prove that T} is a well-defined operator on X“. Combining with the definition of X* and

Y, we have the elementary product estimate

L —
lo@wlys S sup (143 (Ol Velt) e + ol 5 ol
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4 PROOF OF THE MAIN RESULTS

Next we have

ITH (@) (Bl <

~

t
/ (t’)‘l”—ft—z%“dt’HF —w® w|ya
0

t
St [ (@) A (|w) ke + (| F )
0

S T
St (Jwlk + o).

and

3 t
IVTH @) (t)llex S t‘l‘%“/ () = ) Bt ([w]Fee + ([ Fllye)
0
_ 24k
St T (Jlwl X +m0).

where we use Propostion and the fact that e < 7.
Choosing €y in Proposition (2.8) sufficiently small and recall that x < (74 1) — 1, we then obtain
when t < 1,

1
IT @) ®)llx < O(lwlx) + 5m,
By a similar calculation,
1T (w1) = THws) || xe < llwr —wallxe (Jwillxe + [lwz]lxe).
Choosing C” sufficiently large to compensate for the implicit constants, it follows that T} is a contraction
on the Bx (0,n;) for all n; € (0,C’~1), and we conclude by the banach fix point theorem.
Finally, we prove control of w near the initial time using the Duhamel formula
to ,
w(t) = / e DEA PAiv (F—w@w—v@w—wew)(t)dt, (3.8)
0

By (C.1J), , Proposition the interpolation inequality and the fact that ||w|xe < 71, we have

t
lo(®)lle-rer < / I(F - w®w—18w—wov)t)|cdt
0

t
< / ()7 4 ()
0
5 (t)%ip;ia — 07
t—0

for all t € (0,1] and p < 7 — .

4 Proof of the main results

Proof of Proposition[1.5 Recall from definitions, we can write

u® £ M 4 (M) = Z (o Z Vg —I—w(l),
k>0even k>0 odd
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4 PROOF OF THE MAIN RESULTS

and

u® 2@ 4 )@ = Z (e Z Vg +w®,
k>0 odd k>0even

In Section we have shown that for i € {1,2}, there exist w(® € C°((0, 1]; C**) obeying suitable
equations such that {U(i)}ie{m} obey . Moreover, by standard regularity theory, {u(i)}ie{lyz} are
smooth on (0, 1] x TZ.

Next we argue that both solutions attain the initial data V°. As shown in Proposition
{wD}ieq0,13 — 0 in C71FP(T2). Thus, {w},c00,1) belongs to C([0,1]; B3’>~"). It remains to
show {vW},c(0.13 € C([0,1]; B;f;no‘*s/). Since {v};c(01) € C°°((0,1] x T?), it suffice to prove that
{U(i)}ie{o,u are continuous at ¢t =0 in B;O/?o:)“_fl. Recalling the defintion of v(*) in Definition we

have
”U(z’) (t) _ VOHBfafafs’ g Z HU,QHBfﬁfMe/ ((e—(27rNk)2Bt _ 1) + (e—2~(27rNk-+1)2/3t _ 1)) ) (4_1)
’oo keN o

Following the proof of Proposition 2.5 one can infers that
1ol psamer SN, VREN (4.2)

Substituting (4.2)) into (4.1]), we arrive at

B0 = VOl § 3 N (0 1) F e )4 3N
k<M k>M
where we first select large M to make the second term small, then fix M and takie ¢t small to make
the first term small as well.
Finally, we prove that the two solutions are distinct by considering a time scale when all but the
lowest frequency mode should have dissipated away, for exmaple ¢y = N, 28 Tt follows from the
Proposition that w® € Bx(0,71). By the triangle inquality, we get

1@ (t0) —u® (to)lloe > [lvoll =D l[vn(to)llze — D I1ow(to)l|

E>1 k>0
— lw™® (to) [l — llw® (o)l Lo - (4.3)

By ([2.28)), one obtains
Nl —100
S lon(tollo £ 3N exp (-NENG ) £ NP e (NPNG) < N ()L ()
E>1 E>1

and

) ) . - . N —100
Z 15 (o) | e < ZNIQH eXP(*N;fleo 2&) < N0ﬂ+ exp(—NfﬁNO 26) < N05+ <1) .

k>0 >0 Ny
(4.5)
For the {w(i)}ie{l,g}, we have by Proposition
. P a—Br
o (to) [ Smitg*"* S NG TP (4.6)
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4 PROOF OF THE MAIN RESULTS

We now only need to establish the exact value of vg(tg,z) on L>(T?), recalling from Definition
Definition 2.4 and Definition we easily have

o — T 28
[vo(to, )| Lo = e(2m)2NG T e~ M (4.7)
Now together with (4.4)-(4.7]), we then have
||u(1)(t0) o u(2) (tO)”LOO > CleOﬁ+a o A*C(bﬂ’a,T)NOﬁJrav
for a ¢(b, 8, a, 7) > 0. By taking A sufficiently large, we conclude that u™ and u® are distinct. O

Proof of Theorem [1.2 We will use the method of integral equations and the contraction mapping

principle to prove the existence. To do this, we define

D={u:(0,1] = L®(T);V-u=0 and sup ¢ [u(t)]pa},
te(0,1]

with norm

Bta
lullp = sup 727 [[u(t)[| Lo (Ta).-

)

The mild solution to [I.1]is defined as the fixed point of the operator

)?

t
(Au)(t, z) = e ug(a) - / eI P div(u @ w)(s, 2) ds
0

where
N f(a) = KP (@)« fla) with K[(§) = eI,

Now we aim to find a fixed point Au in D. To do this, we first estimate || Au(t)]| oo (pa) for ¢ € (0, 1].

t
VY a1
| Au(t)]| oo (ray < |le H=24) u0||1:°°(1rd)‘f'/0 (t—s)"2 ||“(5)||2Loo(1rd)d5-

Therefore, we have

t

B+a i ANB B+a 1

[Au(t)|[p < sup 25 [|e "2 g poopay + sup £ /(f—S) 2 [luls)l| oo (ray luls) | oo (ma) ds
te(0,1] te(0,1] 0

t
Bta _ 1 _ B4a
< Culluoll gt gy + llull S%P”t 28 /O(t—s) ¥s 7 ds
’ te (0,

1
B—a—1 _ 1 _ Bta
< C1||U0||B*<ﬂ+a>(Td) + |lul|?, sup t 27 / (1—s5)"285" ¥ ds
o000 te(0,1] 0
< Ciluoll s gy + Callull.
where we use the fact that « <0, a < g —1 and 8 > % We then get

[Au — Aal|p < C3 max{|ju||p, [|u| p}|u - u|p,

for any w,u € D. Then, we will prove that A is a contraction mapping on Bp(0,r) with a suitable r.

In fact, if there exists eg > 0 small enough such that

_t(—A)B
||6 t(—A) UOHD < 01“1140”30—0{3;0((1,”) < €B and 60301”11,0”30—0{3;(!(1-”) < 1/2,
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B FRACTIONAL LEIBNIZ ESTIMATE

then, we can prove that for any u,v € By (0,r) with r = 201||uo||B~—(/3+a>(Td),
[Au — Av|[p < C3max{||ul[p, [v] p}lu = vp
< Csrlju —v||p
< 5l —ol
—|Jlu—|p.
<3 D

Thus, A is a contraction mapping in Bp(0,r) and has a unique fixed point u.

A Tools from convex integration

In this section, we recall some useful tools which is developed in the convex integration method.
Lemma A.l. There exists a set A C S' N Q? that satisfies A = —A and consists of vectors & with
associated orthonormal bases (&,€) and smooth positive functions [e: B% (Id) = R satisfying ag = a_¢,
where B%(Id) is the ball of radius % centered at Id in the space of 2 X 2 symmetric matrices, such that
we have the following identity:

=Y TiS)E®E VS e By (1d). (A.1)
EEA

We recall the antidivergence operators R that are introduced in [13].

Proposition A.2. There exists a linear operator R : C*°(T?;R?) — C°°(T?; S2%2) satisfying
divRf=f~ [ 1. viec(Tme),
T2

Lemma A.3. Let u > 0, for any smooth function f and m > 0, we have

IR(f (@)™ ) low Spom A7 fllzee + A7V fllpoe + A"V fllon, (A.2)
(A.3)

Lemma A.4. Let S' be the unit circle and Q the set of rational numbers. Given A C S' N Q? such
that —A = A. Then for any by, € R with by, = b_yg, the vector field

W(x) =) beide’™ ", ¢ L¢,

£eA

1s real-valued, divergence-free and satisfies

2
: . 1 2 2mi€-x
div, (W@ W) =5V, | W] - > bee
EeA
B Fractional Leibniz estimate
Lemma B.1. Let P,Q,s > 0 and £ € T2\ {0}. For any smooth functions f satisfying
(IV™ £l < P", Vn € N, (B.1)

Lo (T2) ~~
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B FRACTIONAL LEIBNIZ ESTIMATE

then we have
IV™[(—A)%, f]sin(2rQE) || L (12) S (Q + P)™(Q** ' P* + P>13), (B.2)
for any m € N.

Proof. Taking the fourier series of f,
— Z f(l)eQTril'm.
lez?

By (B.1) and Parseval’s identity, we obtain

V™ fllL2(r2y = (Z |l|2m|f(l)|2> SIVTfllreq@y S P VmeEN,

lez?

which immediately implies
" fOIS P, Y(m) € Z° x N (B.3)
we compute

[(=2)°, f(2)]sin(2r Q¢ - ) = (~2)*(f(2) sin(2mQE - x)) — f(x) (—A)*(sin(27 Q¢ - x))
=D (@m)* (JL+ Q¢ — |Qg*) f(nerm e

lez?

( > o+ Y ) (2m)? (|1 + QEP* — |QEP?) fa)e?mitreers

0<IIL|QE > |Q¢]
L [+ Ls.

For L1, we estimate

) [ ) ) A
APy Q%(IQHI%—I&Q&)IJ”(Z)

0<[l1<]Q¢]
s L:
S ) @ ~|§|\f(l)|
0<[l|<]Q¢]
25—1
S @ max 110 Y 7
10
<Q*ipt (B.4)
For Lo, we get
2s| f 2543 2s 3
ILallzry £ D WPIFD)] < max |l £(D) stP ! (B.5)
[11>1Q¢€] 10

Combining (B.4) and (B.5) together, we obtain (B.2)) for the case m = 0. For m > 1, consider the case

m = 1 as an example. We have
VI(=4)*, flsin(2rQ¢:) = [(=A)*, V[]sin(27QE:) + [(=A)*, [V (sin(27QE")).

By a similar argument as above, the desired estimates follow. So we omit the details. O
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C GRONWALL INEQUALITY AND HEAT ESITMATE

C Gronwall inequality and heat esitmate

We recall the fractional Gronwall inequality from [I0, Lemma B.2].

Lemma C.1. Let f(t), hi(t), bi(t), and a(t) be non-negative continuous functions on [tg,c0), with
bi(t) and a(t) non-decreasing. Suppose for some p > 1,

f(t) <a(t)+bi(t /hl d8+(b2 /h2 pds)

Then for any constant Cg large enough so that Cgl + (Cgp)_% < 1, we have

F(t) < Coalt) exp (cﬁ (bl(t) /t t b (s) ds + ba(t) /t t ha(s) ds)> .

Lemma C.2. If a(t), f(t), g1(t), and g2(t) are positive continuous functions on [tg,00) with a(t)

non-decreasing and
O <at)+ [ (06)+ (69 F)f(s)ds =t
to

then for any p > 2,

t . t 28
50 5 o0 e (0 [ o)+ IsF ] Tk [ o7 T as)) ez

to

Proof. By Holder inequality,

1

/t;a—s)—z%gxs)f(s)ds <( /t:<t—s>-5égé“2ﬂl“”p'<s>ds)“ ( / Frre)

Since we have

=

1

1
t ’ 28 ’ 'Y _ B t ’ _ , v’
(/ (t—s) figy @ 07 <s>d8>p < [|s*5 ga(s)lls )(/ (t—s) s Fm ds>p

to tO

28-1 (= zrtny)
<o, ( 5 go(s)| T )

Then, we get that

1

£() < alt) + / () (s)ds 1O, (ns”%?gz( e ( / BT (5) (s >)>

to

Together with Lemma this finishes the proof. O
Now recall the heat estimate.
Lemma C.3. For allm >0, s1,s2 € R satisfying m 4+ s1 — s3 > 0, and f € C°2, we have

AV om
le™ =2 v |

Cs1 51%81,52
where C*® is the homogeneous Hdoder-Zygmund space with norm

[lulles := sup N?||Pyu|pe < 0.
Ne2W
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Moreover, the above estimate holds as well if f on the left-hand side is replaced by Pf. We remark

that for s = m+ a with m € N and o € (0,1), C° coincides with the standard homogeneous Hoder

space C*.
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